In this lecture moduli dependent charges for p-extended objects are analyzed for generic N -extended supergravities in dimensions 4 ≤ D < 10. Differential relations and sum rules among the charges are derived.
In recent time attempts to study non perturbative properties of gauge theories [1] and string theories [2, 3] have made an essential use of low energy effective lagrangians incorporating the global and local symmetries of the fundamental theories. In this analysis BPS states play an important role [4, 5] , especially in connection with enhancement of gauge symmetries [6, 7, 8] and more generally for phase transitions which may be signaled by some BPS state becoming massless at some point of the underlying moduli space. The BPS states often appear as solitonic solutions of the supergravity field equations in backgrounds preserving some of the supersymmetries depending on the degree of extremality of the solitonic state. Recently a lot of information on black holes and black p-branes in diverse dimensions have been obtained using these methods. For instance, extremal black holes preserving one supersymmetry in D = 4 and 5 dimensions have an entropy formula obtained in a rather moduli independent way by minimizing the ADM mass in the moduli space [9] .
The underlying geometry of the moduli space plays a fundamental role in finding these solutions since the ADM mass or, more generally, the mass per unit of p-volume for p-extended objects depends on the asymptotic value of the moduli and some other physical quantities, such as the classical determination of the Bekenstein-Hawking entropy formula, are also related to properties of the moduli space (for a detailed bibliography on these topics see references in [10] ). In view of these applications it is interesting to see how far the formalism used to derive the Bekenstein-Hawking entropy formula from extremization of central charges can be extended to higher N supergravities in diverse dimensions [11] . In this lecture we give a short account of the group theoretical formalism which underlies the construction of central and matter charges. For an application to the black hole entropy formula, see ref. [10] . A more extended version of the present paper is given in ref. [12] . First of all we observe that, in view of several non perturbative dualities between different kinds of theories, a given theory is truly specified by the dimension of space-time in which it lives, the number of unbroken supersymmetries and the massless matter content. With the exception of D = 4, N = 1, 2 and D = 5, N = 2 all supergravity theories contain scalar fields whose kinetic Lagrangian is described by σ-models of the form G/H. Here G is a non compact group acting as an isometry group on the scalar manifold while H, the isotropy subgroup, is of the form:
H Aut being the automorphism group of the supersymmetry algebra while H matter is related to the matter multiplets (Of course H matter = 1 1 in all cases where supersymmetric matter doesn't exist, namely N > 4 in D = 4, 5 and in general in all maximally extended supergravities). The coset manifolds G/H and the automorphism groups for various supergravity theories for any D and N can be found in the literature (see for instance the reference book [11] ).
As it is well known, the group G acts linearly on the n = p + 2-forms field strengths H Λ a 1 ···an corresponding to the various (p + 1)-forms appearing in the gravitational and matter multiplets. Here and in the following the index Λ runs over the dimensions of some representation of the duality group G. The true duality symmetry, acting on integral quantized electric and magnetics charges, is the restriction of the continuous group G to the integers [2] . All the properties of the given supergravity theories for fixed D and N are completely fixed in terms of the geometry of G/H namely in terms of the coset representatives L satisfying the relation
where g ∈ G, h ∈ H and φ ′ = φ ′ (φ), φ being the coordinates of G/H. In particular, as explained in the following, the kinetic metric for the (p + 2)-forms H Λ is fixed in terms of L and the physical field strengths of the interacting theories are "dressed" with scalar fields in terms of the coset representatives. This allows us to write down the central charges associated to the (p + 1)-forms in the gravitational multiplet in a neat way in terms of the geometrical structure of the moduli space. In an analogous way also the matter (p + 1)-forms of the matter multiplets give rise to charges which, as we will see, are closely related to the central charges.
Our main goal is to write down the explicit form of the dressed charges and to find relations among them analogous to those worked out in D = 4, N = 2 case by means of the Special Geometry relations [13, 6] . To any (p+2)-form H Λ we may associate a magnetic charge (D−p−4-brane)
and an electric (p-brane) charge given respectively by:
where
These charges however are not the physical charges of the interacting theory; the latter ones can be computed by looking at the transformation laws of the fermion fields, where the physical field-strengths appear dressed with the scalar fields. Let us first introduce the central charges: they are associated to the dressed (p + 2)-forms H Λ appearing in the supersymmetry transformation law of the gravitino 1-form. Quite generally we have, for any D and N:
Here c i are coefficients fixed by supersymmetry, V a is the space-time vielbein, A = 1, · · · , N is the index acted on by the automorphism group, Γ a 1 ···an are γ-matrices in the appropriate dimensions, and the sum runs over all the (p + 2)-forms appearing in the gravitational multiplet. Here and in the following the dots denote trilinear fermion terms. L ΛAB is given in terms of the coset representative matrix of G. Actually it coincides with a subset of the columns of this matrix except in D = 4 (N > 1) and the for maximally extended D = 6, 8 supergravities since in those cases we have the slight complication that the action of G on the p + 2 = D/2-forms is realized through the embedding of G in Sp(2n, IR) or O(n, n) groups. Excluding for the moment these latter cases, L ΛAB is actually a set of columnes of the (inverse) coset representative L of G. Indeed, let us decompose the representative of G/H as follows:
where the couple of indices AB transform as a symmetric tensor under H Aut and I is an index in the fundamental representation of H matter which in general is an orthogonal group (in absence of matter multiplets L ≡ (L Λ AB )). Quite generally we have:
where N defines the kinetic matrix of the (p + 2)-forms H Λ and the indices of H Aut are raised and lowered with the appropriate metric in the given representation. Note that both for matter coupled and maximally extended supergravities we have:
where η ΛΣ is the O(m, n) invariant metric. (In particular, setting the matter to zero, we have in these cases N ΛΣ = η ΛΣ ). Coming back to equation (4) we see that the dressed graviphoton n i -forms field strengths are:
The magnetic central charges for BPS saturated (D − p − 4)-branes can be now defined (modulo numerical factors to be fixed in each theory) by integration of the dressed field strengths as follows:
where φ 0 denote the v.e.v. of the scalar fields, namely φ 0 = φ(∞) in a given background. The corresponding electric central charges are:
These formulae make it explicit that L Λ AB and L ΛAB are related by electricmagnetic duality via the kinetic matrix. Note that the same field strengths (the graviphotons) which appear in the gravitino transformation laws are also present in the dilatino transformation law:
so that we get no new charges from (11).
However, the presence of matter multiplets gives rise to "matter charges" associated to matter vectors. In fact, when vector multiplets are present, the matter vector field strengths are dressed with the columns L ΛI of the coset element (5) and they appear in the transformation laws of the gaugino fields:
where P I AB,i is the vielbein of the coset manifold spanned by the scalar fields of the vector multiplets and c is a constant fixed by supersymmetry (in D = 6, N = (2, 0) and N = (4, 0), the 2-form F Λ ab Γ ab is replaced by the 3-form F Λ abc Γ abc ). In the same way as for central charges, one finds the magnetic matter charges:
while the electric matter charges are:
The important fact to note is that the central charges and matter charges satisfy relations and sum rules analogous to those derived in D = 4, N = 2 using Special Geometry techniques [13] . Indeed, for a general coset manifold we may introduce the left-invariant 1-form Ω = L −1 dL satisfying the relation (see for instance [14] ):
T i , T α being the generators of G belonging respectively to the Lie subalgebra IH and to the coset space algebra IK in the decomposition G = IH + IK, G being the Lie algebra of G. Here ω i is the IH connection and P α is the vielbein of G/H. Suppose now we have a matter coupled theory. Then, using the decomposition above, from (15) we get: (16) where P I AB is the vielbein on G/H and ω CD AB is the IH-connection in the given representation. It follows:
where the derivative is covariant with respect to the IH-connection ω CD AB . Using the definition of the magnetic dressed charges given in (9) we obtain:
This is a prototype of the formulae one can derive in the various cases for matter coupled supergravities. To illustrate one possible application of this kind of formulae let us suppose that in a given background preserving some number of supersymmetries Z I = 0 as a consequence of δλ I A = 0. Then we find:
that is the square of the central charge reaches an extremum with respect to the v.e.v. of the moduli fields. For the maximally extended supergravities there are no matter field-strengths and the previous differential relations become differential relations between central charges only. Indeed from the Maurer-Cartan equations we get in this case:
This relation implies that the vanishing of a subset of central charges forces the vanishing of the covariant derivatives of some other subset. Typically, this happens in some supersymmetry preserving backgrounds where the requirement δχ ABC = 0 corresponds to the vanishing of just a subset of central charges. Finally, from the coset representatives relations (6) (7) it is immediate to obtain sum rules for the central and matter charges which are the counterpart of those found in N = 2, D = 4 case using Special Geometry. Indeed, let us suppose e.g. that the group G is G = O(10 − D, n) × O(1, 1), as it happens in general for all the minimally extended supergravities in 7 ≤ D ≤ 9, D = 6 type IIA and D = 5, N = 2. The coset representative is now a tensor product L → e σ L, where e σ parametrizes the O(1, 1) factor. We have, from (7): L t ηL = η, where η is the invariant metric of O(10 − D, n) and, from (6):
From (15) and the definition of the charges one finds:
(22)
In more general cases analogous relations of the same kind can be derived. Let us now see how these considerations modify in the case of extended objects which can be dyonic, i.e. for p = (D − 4)/2. Following Gaillard and Zumino [15] , for p even (D multiple of 4) the duality group G must have a symplectic embedding in Sp(2n, IR); for p odd (D odd multiple of 2), the duality group is always O(n, m) where n, m are respectively the number of self-dual and anti self-dual (p + 2)-forms. In D = 4, N > 2 we may decompose the vector field-strengths in self-dual and anti self-dual parts:
According to the GaillardZumino construction, G acts on the vector (F −Λ , G − Λ ) (or its complex conjugate) as a subgroup of Sp(2n v , IR) (n v is the number of vector fields) with duality transformations interchanging electric and magnetic field-strengths:
where:
N ΛΣ is the matrix appearing in the kinetic part of the vector Lagrangian:
Using a complex basis in the vector space of Sp(2n v ), we may rewrite the symplectic matrix in the following way:
The requirement S ∈ Sp(2n v , IR) implies:
f and h are coset representatives of G embedded in Sp(2n v , IR) and can be constructed in terms of the L's. The kinetic matrix N turns out to be:
and transforms projectively under duality rotations:
By using (27), (28) we find that (f t ) −1 = i(N −N )f. As a consequence, in the transformation law of gravitino (4) and gaugino (12) we have to substitute the embedded inverse coset representative: (L ΛAB , L ΛI ) → (f ΛAB , f ΛI ). In particular, the dressed graviphotons and matter vectors take the symplectic invariant form: 
as a consequence of eq. (28) and of the definition of G + . Therefore we have:
We see that the presence of dyons in D = 4 is related to the symplectic embedding. Also in this case one can obtain differential relations and a sum rule among the charges. The sum rule has the following form:
In order to obtain this result we just have to use the fundamental identities (27) and the definition of the kinetic matrix given in (28).
Furthermore the Maurer-Cartan equations (17) for the coset representatives of G/H imply analogous Maurer-Cartan equations for the embedded coset representatives (f, h):
Using the definitions of the charges one finds the following differential constraint:
Equation (37) can then be found in a way analogous to that shown before for the odd dimensional cases. For the other maximally extended even dimensional theories, there is an embedding problem analogous to the four dimensional case for the 4-form in D = 8 and for the 3-forms in D = 6. This is discussed in detail in [10] . For reasons of brevity, we do not analyze these cases here, since they do not present essential conceptual differences with respect to the D = 4 case. Some modifications in fact occur in D = 6, for in this case the GaillardZumino duality group is an orthogonal group (O(5, 5)) instead of Sp(2n, IR). Furthermore in D = 6, due to the irreducible decomposition of a 3-form into self-dual and antiself-dual parts, there is no real distinction between electric and magnetic charges [16] .
